An automatic wave equation migration velocity analysis by differential semblance optimization

Peng Shen, Christiaan Stolk, William W. Symes

The Rice Inversion Project

Rice Univeristy

Outline

• Theory

– Objective function – Gradient calculation

• Low velocity lens examples • Marmousi • Discussion

Offset domain prestack wave-equation migration

Generalized shot-geophone prestack model (Stolk & Symes):

physical reflection: R(x, h) = r(x)δ(h)

Green’s function: G̃(x, ω; s) = R G(x, t; s)e^{−iωt}dt

Forward Born & Adjoint (migration)

δG(r, t; s) = Z G̃(r, ω; x + h) 2ω^2R(x, h) c^2(x)

G̃(x − h, ω; s)e^{iωt}dω dh dx (1)

R̃(x, h) = Z G̃(r, ω; x + h) 2ω^2d(r, s, t) c^2(x)

G̃(x − h, ω; s)e^{−iωt}dt dr ds dw (2)

Fourier transform data, downward continue receiver field, downward continue source field

taken complex conjugate, cross correlate the two wavefields, inverse Fourier transform

evaluated at t = 0.

Optimization criteria

At correct velocity offset: R̃(x, h) ≈ r(x)δ(h) angle: R_θR̃(x, h) ≈ r(x) Optimization criteria offset: ||hR̃(x, h)||^2 angle: ||^∂_{∂θ} R_θR̃(x, h)||^2 Unified form:

||P R̃(x, h)||^2 P = h: differential semblance oprator in a pseudo-differential sense.

min_c 1 2 ||P R(x, h)||^2: need gradient with respect to velocity

Gradient

R̃ = F (c)[d] J =^1_2 ||P F ||^2 =^1_2 < (P F ), P F > δJ =^1_2 < δ(P F ), P F > +^1_2 < P F, δ(P F ) > =^1_2 < P^{∂F}_{∂c} δc, P F > +^1_2 < P F, P^{∂F}_{∂c} δc) > =^1_2 < δc, (^{∂F}_{∂c} )^∗P^∗P F > +^1_2 < (^{∂F}_{∂c} )^∗P^∗P F, δc > =^1_2 < δc, (^{∂F}_{∂c} )^∗P^∗P F > +^1_2 < δc, (^{∂F}_{∂c} )^∗P^∗P F > = < δc, real{(^{∂F}_{∂c} )^∗P^∗P F } >

∇cJ : real{(^{∂F}_{∂c} )^∗P^∗P F } ∂F ∂c : bilinear to d andδc (^{∂F}_{∂c} )^∗ : bilinear to d and the input wavefield

Problem remains: how to calculate (^{∂F}_{∂c} )^∗ ?

Gradient calculation

∇cJ = real{( ∂F ∂c )^∗P^∗P F }

velocity � � source receiver � � downward continuation � � � � � � � � cross correlation � image in offset � P^∗P � image in offset � derivative cross correlation^∗ � � � � � � � � derivative downward continuation^∗ � � source^∗ receiver^∗ � � gradient

Gradient calculation discrete formulation

Migration as depth extrapolation:

R^{z+1} = H(c^z)R^z S^{z+1} = H(c^z)S^z I^z_h = (ThS^z)(T−hR^z)

Differential migration as linearized depth extrapolation:

δR^{z+1} = H(c^z)δR^z +^{∂H}_{∂c} R^zδc^z δS^{z+1} = H(c^z)δS^z +^{∂H}_{∂c} S^zδc^z δI^z_h = (ThδS^z)(T−hR^z) + (ThS^z)(T−hδR^z)

Adjoint of differential migration as adjoint of linearized depth extrapolation:

DR^z = H(c^z )^∗DR^{z+1} + P h T2hS^z ThI^z DS^z = H(c^z )^∗DS^{z+1} + P h T−2hR^zT−hI^z (∇cJ)^{z−1} = [^{∂H}_{∂c} S^{z−1}]^∗DS^z + [^{∂H}_{∂c} R^{z−1}]^∗DR^z

Depth extrapolator: H

H is the depth extrapolator that solves: ∂ ∂z U = ± iw c s 1 + c^2 w^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 )U implicit finite difference: ∂ ∂z U = ± iw c [1 + a^{c2}_{w2}^{∂2}_{∂x2} 1 + b^{c2}_{w2}^{∂2}_{∂x2} + a^{c2}_{w2}^{∂2}_{∂y2} 1 + b^{c2}_{w2}^{∂2}_{∂y2} ]U wavefields solved in three steps: 8 < : Xu = Xe^{− iwc △z}U(z) Y U(z + △z) = Y u

H := Y^{−1}Y X^{−1}Xe^{− iwc △z}

Differential semblance operators

in order to compare: P_1 = h and P_2 =^∂_{∂q} R where q = tan(θ) actually compare: P^∗_1 P_1I and P^∗_2 P_2I

P^∗_2 P2I = R^∗(−

∂^2 ∂q^2

)RI = −2h^2

Z_{+∞} −∞ dz^′

I(z^′, x, h) (z − z^′)^2

= P^∗_1 P^∗_2 H^′I

Optimization on B-spline model space min c∈Ck

||P I||^2 → min_m ||P I||^2 m, B-spline model parameter c=Bm, B-spline forward projection J =^1_2 ||P F (c)||^2 ∇cJ = (^{∂F}_{∂c} )^∗P^∗P F

BFGS loop

∇mJ = B^∗∇cJ, B-spline adjoint projection

update condition satisfied?

optimized velocity optimized image

� � � � �

Lens examples

v(z, x) = 2 − ae^{− (x−2)}

2+(z−0.3)2 0.3

a=0.4

a=0.6 a=0.8

Lens examples, objective function and gradient

a=0.4 a=0.6 a=0.8

Lens examples, optimized velocity

a=0.4 a=0.6 a=0.8

Image space: 401 by 80, B-spline model space: 23 by 9.

Lens examples, initial image

a=0.4 a=0.6 a=0.8

Optimized image, compare with the “best” image

a=0.4 a=0.6 a=0.8

a=1

velocity image offset Differential semblance optimization depends on the quality of the image.

Marmousi

Objective function

v δv

J(v + αδv)

offset images

initial image initial offset CIG

output image output offset CIG

Optimized velocity to 1.4km in depth

Peng Shen 22

Peng Shen 23